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Abstract 
Ryan, C.T., Linear sections of 
Mathematics 35 (1992) 81-86. 
the general linear group: A geometric approach, Discrete Applied 
In this paper we investigate the subset 9(n, q) of the general linear group Gl(n + 1) consisting of 
all elements which have no nontrivial fixed points. In particular we show that there is a bijection 
between this set and the set of n-dimensional subspaces of the projective space PG(2n + 1, q) which 
satisfy the intersection property of being skew to three given spaces which are themselves pairwise 
disjoint. We obtain this bijection by associating to each A E t9(n, q) first the row space of the row 
echelon matrix [IA] and then the projectivization of this space cbtaincd by identifying scalar 
multiples and discarding the vector 0. Classical results for PG(3,q) then provide the basis for a 
recurrence relation which expresses d(n, q) in terms of tY(n - 1, q) and r9(n - 2, q). Because the 
development of this recurrence isconstructive it provides, as an application, an efficient method 
for not only enumerating but for exhibiting all 
AE Gl(n + 1) such that A + id is nonsingular as well. 
the nonsingular linear transformations 
Introduction 
In this paper we will investigate V(n,q), the subset of the general linear group 
Gl(n + 1, q) of nonsingular linear transformations of the (n + 1)-dimensional vector 
space Vi+’ over the finite field GF(q) which have no nontrivial fixed points. In 
geometric terms if we view Gl(n + 1, q) as a subset of I$” ‘)x(n+‘), then the line of 
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y(n+l)x(n+l) h t rough any A E t9(n, q) and the identity transformation id contains at 
lekt one additional point of Gl(n + 1, q) namely the point A + id. The major result 
of this paper will be the derivation of a recurrence relation for 1 d(n, q) I. In particular 
1 t9( 1, q)1 corresponds to the classical results associated to the geometry of PG(3, q). 
This will be discussed in Section 1 along with a more general result [3] which when 
stated in terms of finite projective spaces equates I t9(n, q)I with the number of n- 
dimensional projective subspaces of the (2n + l)-dimensional projective space 
PG(2n + 1, q) that are disjoint from each of three given n-dimensional subspaces 
which are themselves spaces with trivial intersection. 
I. Geometric interpretation 
The reader who wishes a more detailed discussion of the results of this section 
may refer to the cited references. 
To begin with we will need the following notation: 
l GF(q) will denote the field with q elements. 
l I$’ will denote the n-dimensional vector space over GF(q). 
l Vectors will be denoted by the use of bold type and unless stated otherwise will 
be assumed to be unequal to the vector 0. 
l PG(n,q) will denote the n-dimensional projective space over GF(q). 
Remark. As a minor abuse of notation but in the interest of brevity we will say that 
an element of Gl(n,q) which fixes only the vector 0 is fixed point free. 
Definition 1.1. 8(n, q) will denote the set of fixed point free elements of Gl(n + 1, q). 
Notation. t&n, q) will be used to denote I d(n, q)l . 
In this paper, we will extend the following classical geometric result. 
Theorem 1.2 [l]. The number of lines of PG(3, q) 
(i) skew to a given line .fs q4; 
(ii) Siztersecting each of two given skew lines is (q + 1 )2; 
(iii) intersecting each of three given skew lines is q -t 1. 
Corollary 1.3. The number of lines of PG(3, q) skew to three given pairwise skeb:* 
lines is q(q3 - 2q2 - q + 3). 
Proof. This follows directly from Theorem 1.2 and the inclusion-exclusion princi- 
ple. Cl 
The following results will enable us to generalize Corollary ! .3 to higher dimen- 
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sions and to associate a geometric significance to the numbers 1 Ls(n, q)I considered 
in the following section. 
Theorem 1.4 [3 or 81. 8(k,q) is equal to the number of Q contained in 
G(k -I- 1,2(k + 1)) which have trivial intersection with three given spaces of 
G(k + 1,2(k + 1)) which are themselves spaces with trivial intersection. 
Reformulating Theorem 1.4 in terms of finite projective spaces we have 
Corollary 1.5. O(k, q) is equal to the number of k-dimensional projective subspaces 
of the (2k + 1 )-dimensional projective space PG(2k + 1, q) that are disjoint from each 
of three given k-di.mensional subspaces which are themselves mutually disjoint 
subspaces of PG(2k + I, q)= 
Corollary 1.6. O( 1, q) = q(q3 - 2q2 -q + 3). 
2. The recurrence 
In this section after establishing a few preliminary lemmas we will derive a recur- 
rence formula expressing O(n, q) in terms of O(n - 1, q) and O(n - 2, q). 
Notation. If H and H’ are distinct hyperplanes of V:, then b’(n - 2, q) will denote 
the set of all fixed point free nonsingular A contained in Hom(H, H’). 
Notation. y/(n, q) will be used to denote 1 P(n, qj/ . 
Remark. In the interest of clarity we will employ a minor abuse of notation using 
V(n - 2, q) to denote the nonsingular fixed point free elements of Hom(H, H) where 
H is a fixed (n - lj-dimensional subspace of Vl. Again when there is no ambiguity 
of meaning we shall also employ the notation 0(n - 2, q) for the number of elements 
in this subset of Hom(H, H). Finally we will also use the notation Ls’(n - 2,q), 
w(n - 2, q), etc.) in a corresponding manner. 
Remark. When referring to an extension of a line?:- rransformaticn A it will be 
understood that this extension must satisfy the requirement GE being nonsingular. 
The notation A’ will always denote such an extension. Also the domain of id will 
be clear from the context. 
Lemma 2.1. If Hc V: is a hyperplane, A 1 H + H is an element of L9(n - 2, q), and 
A’ is an extension of 2 to Ls(n - I, q), then (A - id)H = ((A’- idjx 1 x E H) is ah a 
hyperplane of Vt. 
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Proof. The result follows at once since it is a general fact that BE r9(n - 1, q) iff 
B - id is nonsingular. q 
Lemma 2.2. If H and H’ are hyperplanes of Vqn and A 1 H + H’ is a nonsingular 
linear transformation without fixed points, then A may be extended to an element 
of tV(n4,q) in q”-2(q-1)2 M’ays if A&‘@-2,q) that is if H$H’ and in 
q”-‘(q-2) ways ifAcd(n-2,q) that is ifH=H’. 
Proof. Assume that H# H’. Choose p E (A - id)H/H. Then any extention A’ is ob- 
tained by defining A’p = q for q$ (p] U H’. So assuming in addition that 
q$ (p} U H’ we show that A’$ r9(n - l,q) iff qE (A - id)H+p as well. If A’$ 
r9(n-l,q),thenA’(g+z)=q+Az=p+zforsomezEH.Thatisq=-(A-id)t+pE 
(A - id)H +p. Conversely if q E (A - id)H +p, then p - q = (A - id)z = (A’ - id)z for 
some t E H. But this gives rise to a fixed point since A’@ + z) = A’p + A’z = q + A’z = 
p + z and therefore A’$@n - 1, q). It follows that there are q’lm2(q - 1)’ choices for 
q for which A is extendable to an element of ti(n - 1, q) namely those q contained 
in the set V: - (H’U ((A - id)H+p)). If H= H’ we may choose p E y,“/H. Any ex- 
tension A% 8(n - 1, q) of A is defined by associating to p some point q = A’p where 
q${p}UH=Us ing the hypothesis that A E 8(n - 2, q) and reasoning as above we see 
that A is extendable to an element A’ of tJ(n - 1, q) iff q @H+p = (z +p 1 z E H}. 
Clearly this leaves 1 V,“l -2 IHI =q”-‘(q- 2) choices for q. Cl 
Proposition 2.3. If n L 1, then 
w(n,q)=q”(O(n-l,q)+q”+‘((q”-l)/(q-1))v(n-19q)). 
Proof. Fix two hyperplanes H and H’ of Vq “+’ such that H#H’. If A is an ele- 
ment of P(n,q), then it arises as an extension of a fixed point free element of 
Hom(H n H’, K) where K is an n-dimensional subspace of H ‘. If K = H n H ‘ this ac- 
counts for q”O(n - l,q) elements of V’(n, q) whereas each K satisfying K# Hn H’ 
accounts for #w(n - l,q) additional elements of P(n,q). Once we observe that 
there are q(q” - l)/(q - 1) hyperplanes of H’ distinct from 19f7 H’ and that every 
element of @(n,q) arises as an extension in one of the two above ways our result 
follows. !zl 
Proposition 2.4. If n ~1, then 
O(n, q) = q”(q - 2)0(Yi - I,@ + q”(4” - I)@ - l)u/(n - 13 4). 
Proof. Fix a hyperplane H of T + ’ - For each hyperplane H’ we must calculate the 
number of ways in which the fixed point free elements of Hom(H, H‘) may be ex- 
tended to elements of t?(n, q). By Lemma 2.2 and the definitions of Ls(n - 1, q) and 
tY‘(n - 1, q) there are qn(q - 2)O(n - 1, q) extentions corresponding to the case H = H’ 
and q”(q” - l)(q - l)w(n - ’ 1, q) extentions corresponding to the case H+ H’ once we 
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observe that there are q(qn - l)/(q - 1) hyperplanes of Vqn+’ which are distinct from 
H. Since all elements of 8(n, q) arise in one of these two ways our result follows. 0 
Proposition 2.5. 
2n+l(fqn+l 
If n 11, then 6(n + 1, q) = $ + ’ [q(#+’ - l)/(q - 1) + q - 2]8(n, q) + 
4 -W(~-WOI-L~). 
Proof. Use Proposition 2.4 to solve for w(n - 1, q) in terms of Qn, q) and O(n - 1, q) 
and similarly for w(n,q) in terms of O(n + 1,q) and Qn,q). A final substitution of 
the values obtained into the formula of Proposition 2.3 gives after simplification the 
required result. El 
The recurrence formula of Theorem 2.5 assumes a much simpler form when we 
restrict ourselves to the field W(2). Using the notation e(n) for 8(n,2) we have 
Corollary2.6. lfq-=2andnzl, then 8(n+1)=2(n+2)(2n+1-1)[8(n)+2n-18(n-l)]. 
It remains only to determine 0(O,q) and e(l,q) in order that we may have a basis 
for our recurrence. But it has already been established by Corollary 1.6 that 0( 1, q) 
is equal to q(q 3 - 2q2 -q + 3) and if q#2 it is easily checked that the only non- 
singular linear transformation fixing a nontrivial point of the affine line over GF(q) 
is the identity transformation. Finally it is easily checked that 0(0,2) = 0. 
Summarizing the results of this paper we have P 
Theorem 2.7. If 0(n, q) is the cardinality of the subset of Gl(n + 1, q) consisting of 
all nonsingular linear transformations which are free of nontrivial fixed points, then 
(i) e(o,, 4) = 4 - 2; 
(ii) e(1,q)=q(q3-2q2-q+3); 
(iii) e(n t l,q)-#+l[q(#+l -i)/(q-i)+q-2]8(n,q)+q2”+1((q”+1-l)/(q-l)) 
e(tb--ipq). 
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